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Abstract. In this paper, we introduce the notions of neutrosophic deductive filter, Boolean neutrosophic deductive filter (BNDF) 
and implicative neutrosophic deductive filter (INDF) on BL-algebras as generalizations of the fuzzy corresponding versions. We 
also investigate some properties of these filters and drive some characterizations of them. The relation between BNDF and INDF is 
investigated and it is proved that every BNDF is an INDF, but the converse is true when certain condition is satisfied. Furthermore, 


we construct a quotient structure related to the neutrosophic deductive filter and prove certain isomorphism theorems. 
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1. Introduction 


Fuzzy set theory was introduced by Zadeh in 1965 
[11]. A fuzzy subset A of a set X is a function wa : 
X — [0,1], where for each x € X, w(x) represents 
the grade of membership of the element x € X to A. 
In [1], Atanassov introduced the intuitionistic fuzzy 
sets as a generalization of fuzzy sets. The intuition- 
istic fuzzy sets consider both membership degree and 
nonmembership degree. 

In 1998, neutrosophy has been proposed by Smaran- 
dache [9] as a new branch of philosophy in order to 
formally represent neutralities. The fundamental thesis 
of neutrosophy is that every idea has not only a cer- 
tain degree of truth and a certain degree of falsity but 
also an indeterminacy degree that have to be consid- 
ered independently from each other. In neutrosophic set 
theory, indeterminacy is measured explicitly and inde- 
pendently. This assumption is very important in many 
applications such as information fusion in which we try 
to combine the data from different sensors. As an exam- 
ple, suppose there are 10 voters during a voting process. 
One possible situation is that there are three yes votes, 
two no votes and five undecided ones. We note that this 
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example is beyond the scope of intuitionistic fuzzy set 
theory. 

In 1960 Abraham Robinson introduced non-standard 
analysis as a formalization of analysis and a branch of 
mathematical logic. In non-standard analysis a nonzero 
number ¢ is said to be infinitely small, or infinitesi- 
mal if and only if for all positive integers n, |e| < 1/n. 
In this case the reciprocal 56 = 1/e will be infinitely 
large, or simply infinite, meaning that for all positive 
integers n, we have |6| > n. The set of hyper-real num- 
bers is an extension of the set of real numbers which 
includes the class of infinite numbers and the class of 
infinitesimal numbers. The non-standard unit interval 
is ]O~, 1t*[= 07 U[0, 1] U1". Here 07 is the set of all 
hyper-real numbers 0 — ¢, and 1* is the set of all hyper- 
real numbers | + 4, where « and dX are infinitesimal. 

If U is a set, a neutrosophic set defined on the 
universe U assigns to each element x € U, a triple 
(T(x), I(x), F(x)), where T(x), I(x) and F(x) are stan- 
dard or non-standard elements of ]0~,1*[. 7 is the 
degree of membership in the set U, J is the degree of 
indeterminacy-membership in the set U and F is the 
degree of nonmembership in the set U. In this paper 
we work with special netrosophic sets that their neutro- 
sophic elements are standard real numbers in [0,1]. 

Neutrosophy has laid the foundation for a whole fam- 
ily of new mathematical theories, such as neutrosophic 


1064-1246/14/$27.50 © 2014 — IOS Press and the authors. All rights reserved 


2994 R.A. Borzooei et al. / Neutrosophic deductive filters on BL-algebras 


set theory, neutrosophic probability, neutrosophic 
statistics and neutrosophic logic. In recent years neutro- 
sophic algebraic structures have been investigated (see 
[3, 5]). 

BL-algebras provide an algebraic semantics for 
Hajek’s Basic Logic [2]. The main example of a BL- 
algebra is the unit interval [0,1] endowed with the 
structure induced by a continuous t-norm. MV-algebras, 
Godel algebras and Product algebras are the most 
known classes of BL-algebras. Filter theory plays an 
important rule in studying these algebras. From the 
logical point of view, various filters correspond to var- 
ious sets of provable formulas. In [4] and [7], the 
notions of fuzzy prime filter, fuzzy Boolean filter, fuzzy 
implicative filter and fuzzy positive implicative filter on 
BL-algebras were introduced and some of their prop- 
erties and characterizations were investigated. 

In this paper we generalize the concept of fuzzy 
filer on a BL-algebra and define the concept of neutro- 
sophic deductive filter. We define Boolean neutrosophic 
deductive filter and implicative neutrosophic deductive 
filter and investigate some of their properties. We drive 
several characterizations of these filters. Also, we inves- 
tigate relation between BNDF and INDF and prove that 
every BNDF is an INDF, but the converse may not be 
true. Furthermore, the condition under which an INDF 
is BNDF is established. Finally, we construct a quotient 
structure related to the neutrosophic deductive filter and 
prove some isomorphism theorems. 


2. Preliminaries 


In this section, we give some definitions and results 
from the literature. 


Definition 2.1. [9] Let X be a set. A neutrosophic sub- 
set A of X is a triple (T4, 14, F4) where T, : X > 
{0, 1] is the membership function, I4 : X — [0, 1] is 
the indeterminacy function and F4 : X — [0, 1] is the 
nonmembership function. Here for each x € X, T,(x), 
T,(x) and F(x) are all standard real numbers in [0,1]. 


Note that there is no restrictions on the values of 
Ta(x), T4(x) and F(x) and we only have the obvious 
condition 


O< Ta) + TAQ) + Fa(x) < 3. 


Definition 2.2. [9] Let A and B be two neutrosophic 
sets on X. Define A < B if and only if 


Ta(x) < Tp(x), Ta(x) = Ip(x), Fa(x) = Fa(x). 
for all x € X. 


Definition 2.3. [9] Let A and B be two neutrosophic 
sets on X. Define 


AA B=(T4 ATpg, [4 V Ip, Fa V Fp) 
AV B=(T4V Tp, [4 A Ip, Fa A Fp) 


where, A is the minimum and V is the maximum 
between real numbers. 


Definition 2.4. [2] The axioms of propositional Hajek 
Basic Logic in the Hilbert-style system are as the 
following: 


(Al) @> Wr (> n> @> x), 

(A2) (gp&w) > 9, 

(A3) (v&W) > (W&¢), 

(A4) (e&(9 > wv) > W&W > 9)), 

(A5) @> (w> x) > (e&W) > x 

(A6) (gk) > > Y> (Y> x), 

(A7) (@r>wWrnr-(d-om7- n> X 
(A8) O> g, 


The only inference rule is modus pones (MP). We show 
the consequence relation of BL in the Hilbert-style 
axiomatization by Fg, If a formula ¢ is provable in 
BL, we write F gr ¢. 


Proposition 2.5. [2] In BL the following statements 
hold: 


(1) Fat @> (W > 9)), 
(2) Fa, @AY> WA®), 
(3) Fa, @AY > W), 
(4) Far gp > 779, 
(5) Far @> ¥) > (> -9¢), 
(6) Fa, -9 > (9 > W), 
(7) Far 97> Y> Xe YW? > x), 
(8) Far @> (W> xX) - (@&Y) > xX), 
9) Fer 9reWr(xr7 97> x7 Y)), 
0) Far @> Wr? (@r7 NW? x), 
(11) Fat (y > 79) > 79) - (9 > 779), 
(12) Fer l@v-9—) > YW > Pleo ler Wn 
QA -e> wv g))I, 

(13) Feat Ww >F at (Y> (Y> W)), 

(14) Fer @> WW), Fat (xX > 9) > BL (G&X > 
W&0), 


Definition 2.6. [2] A BL-algebra is an algebra 
(L,V,A, ©, —, 0, 1) of type (2,2,2,2,0,0) such that 
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(BL1) (£, Vv, A, 0, 1) is a bounded lattice, 

(BL2) (L£, ©, 1) is a commutative monoid, 

(BL3) x © y < z if and only if x < y > gz, for all 
x,y,zEL, 

(BL4) xAy=xO(x- y), 

(BLS) (x > y)VQ>O X= 1. 


Ifa BL-algebra L satisfies -—x = x, foreach x € L, 
it is called an MV-algebra. 


Proposition 2.7. [2, 6] In any BL-algebra CL, the fol- 
lowing properties hold: 


(Rl) x<yox-> y=, 

(R2) lo x=x,x 7 1=1,x7>%x=1,07> 
x=lx->-Q7>x=1, 

(R3) x<yozwey<x->y, 

(R4) x > (youg=AO0Oy>- z=yrun 


Z), 

(R5) x<yS>(%7>x<z-7>y and yorz< 
x —> Zz), 

(R6) z> y¥<(*>z)- AR Y), Zoy< 


Y¥ox7> GZ x), 
(R7) @> NOW? DSExI>Z 
(R8) -x = -7-7x, x < —-7x, when -x = x > 0, 
(R9) =x Amy = (XV y), 
(R10) x Vax =15>xA7x=0, 
(M1) xOy<xAy, 
(M2) x<yS>xOz<yOxz, 
(M3) yo z<xVy>xVvyz, 
(M4) -xv>y=7(xA y), 
(M5) @V ya z= A> DAY 2B, 
( 
( 
( 


M6) xv y=(x%> y) > YAW > x) > ), 

M7) x> OVZI=A > y)VA- 2), 

M8) xA QV Z)=(%*AY)V(XA2Q), 

(B1) ~7Q@A y) = (97x A77y), (x Vy) = 
(47x V a7y), 77% © y) = (97x © 77), 

(B2) -(--x > x) =0, (x > y) = (47x > 

ry), 


Definition 2.8. [2, 10] Let F be a nonempty subset of 
a BL-algebra £ such that 1 € F. F is called: 


(i) a filter on ZL, if 


(Vx, yEL\(x,ye F>xOyeF) and 
(Vx,yeLyxe kr x<y> ye F), 


(ii) a Boolean filter on CL, if it is a filter and moreover 
we have 


(Wx € LY\(x V 7x € F), 


(ili) an implicative filter on L, if it is a filter and more- 
over for all x, y, z € L we have 


[x> yxre QO? DEFDSCU- DE FI. 


Proposition 2.9. [10] A nonempty subset F of a BL- 
algebra L is a filter if and only if 

(DS1) le F, 

(DS2) (Vx, ye L(x 


Theorem 2.10. [2] Let F be a filter ona BL-algebra L. 
Define the binary relation ~ r on L by 


F,x>-yeF>yeF). 


X~py @ «> yeFandy>xe F) 


Then ~ f isacongruence on £, and the set of all congru- 
ence classes £/F = {[x]r : x € £} with the following 
operations form a BL-algebra: 


xJely]=Oy], bKI->DI=—h—- yI, 
JuUly)= vy], bINbI =A y] 
Lemma 2.11. [6] Let F, and Fy be two filters on BL- 


algebra L which F, © F». Then F; is a filter on Fy and 
Fo/F; is a filter on £/F\. 


Definition 2.12. [6] The neutrosophic set F of a BL- 
algebra £ has Sup-Inf Property if for any nonempty 
subset S of £, there exist x9, x1, x2 € S, such that 


sup Tr (x) = Tr(xo), inf IF (x) = IF (x1), 
xeS xeS 

inf Fr(x) = Fr(x). 

xeS 


From now on, we use the same notations for corre- 
sponding logical and algebraic notions. Also, if there 
is no confusion, we use A and V for minimum and 
maximum for real numbers. 


3. Neutrosophic deductive filters on 
BL-algebras 


In this section, we define the neutrosophic deductive 
filters and prove some properties of them. Furthermore, 
we characterize the neurosophic decuctive filter gener- 
ated by a neutrosophic deductive set. 


Definition 3.1. Suppose that I and A be two subsets of 
[0, 1p. We define the relation — as follows: 


TEAS AI<AA 


If f = @, then we define AT’ = (1, 0, 0), and if A = @, 
then we define AA = (0, 1, 1). 
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From now on, iff - AandA ET, wewritel = A. 


Definition 3.2. Let £ be a BL-algebra and + be a 
consequence relation on the set of BL-formulas. A 
neutrosophic subset F of £ is called a neutrosophic 
filter with respect to |, if for each assignment v 
into £ and for every set [ U {g} of BL-formulas, if 
Tk g, then {F(v(T))} E F(v(@)), where F(v(L)) = 
(Fwy): vy ET}. 


In particular, if + is presented by a Hilbert-style sys- 
tem, for example if F is gy, then it is enough to check 
the above condition for the inference rules (T, g) and 
the axioms (J, y) of the proof system. 


Definition 3.3. A neutrosophic subset F of a BL-algebra 
£ is called a neutrosophic deductive filter (briefly, 
NDF), if F is a neutrosophic filter with respect to F gz. 


Lemma 3.4. A neutrosophic subset F of a BL-algebra L 
is a NDF iff for all formulas gy, w and each assignment 
v into L: 


(NDF1) F(v(g)) F F(), 
(NDF2) {F(v(g)), Fug > W))} F Fu). 


Proof. This can be easily obtained from the fact that in 
a BL-algebra, all axioms of BL are evaluated to 1 under 
all assignments and (MP) is the only inference rule. 


Corollary 3.5. A neutrosophic subset F of a BL-algebra 
L is a NDF iff 


(NDF1) (Va € L)\( F(a) — F(\)), 
(NDF2) (Va, b € L)( {F(a), F(a > b)} — F(b)). 


Corollary 3.6. Let F be a NDF. Then we have 


(i) Wa € L)\(F(a) < F(1)), 
(ii) (Va, b € L\(F(a) A F(a > b) < F(b)). 


Example 3.7. Let £ = {0,a, b, 1}. For all x, ye L, 
we define x A y = min{x, y}, x V y = max{x, y} and 
© and — as follows: 


= 
0 
a 
b 
1 


oor F/O 
el ee 
TR Rr 
Bee ee] 


Then (£,A,V,©,—,0, 1) is a BL-algebra. The 
neutrosophic subset F of £ defined by F(0) = F(a) = 
(t1, 3, £3), F(b) = (ta, t2, t2), FC) = (&, th, t1), where 
0 <t, < tf) < t3 < 1 are three fixed real numbers in 


[0,1], is a NDF. 


Theorem 3.8. Let F be a neutrosophic subset of L. 
Then F is a NDF if and only if for all formulas 9, w 
and all assignment v into L, if /at (gp > (Ww > x)) 
then {F(v(y)), Fu))} FE Fy). 


Proof. Let F be a NDF on £, v be an assignment 
into £L and Fg, (~> (Ww x)), for some for- 
mulas g, ¥. By Lemma 3.4, we have {F(u(g > 
wx), FU@) FFU x) and {Fur 
>x), FU} FOU). Then {F(v()), 
Fug > (vw > x), FW) F FC). Now, 
sinceF gy (yp > (Wy > x)),soF (uy > (Ww > x) = 
F(\). Thus, we obtain that {F(v(g)), Fiu(w)} & 
F (u(x). 

Conversely, assume that the condition holds. 
We know if Faz w, then fg, g > (g > wW) and 
so {F(v((g)), F(v(g))} = Fu) = F(A), there- 
fore {F(v((g))} E FC). Now, since Fg, gy > ((9 > 
w) — w), by the condition we get {F(v(g)), Fue > 
w))} E F(v()), which completes the proof. 


Corollary 3.9. Let F be a neutrosophic subset of L. 
Then F is a NDF if and only if for all formulas 9, w 
and all assignments v into L, if prt (p&w) > x, then 
{F(u(g)), Fy} FE F(vQo). 


Theorem 3.10. Let F be a neutrosophic subset of L. 
Then F is a NDF if and only if for all formulas 9, w 
and all assignments v into L 


() Fat > WH => {FU@)} FE FU), 
(ti) {F(vp)), Fy} F Fuge). 


Proof. Suppose that F is a NDF. Since Fg, 
(p&p — y)and gr (y > py), wehavel gr, (p&p > 
w). So, by Corollary 3.9, it follows that for all 
assignments v, {F(v(g)), F(v(g))} & F(v()), there- 
fore {F(v(g))} E F(v(W)) which proves (i). Since 
Fp, ~G&Ww > p&w), by Corollary 3.9 we have 
{F(v(g)), F(uy))} & F(v(e~&y)), proving (ii). 

Conversely, assume that (i) and (ii) hold and Fg, 
((p&W) > x), for some formulas ¢g, w, x. Then by (i) 
we have {F(v(g&w))} EK F(v(x)) and since by (ii) 
we have {F(v(y)), F(v(y))} & F(u(p&y)), we get 
{F(v(g)), Fv(w))} E F(v(Qy)). Therefore, the result 
is obtained by Corollary 3.9. 

By (NDF2), Theorem 3.10 and (R1)-(R6), we get the 
following corollary. 


Corollary 3.11. For a NDF F on L, we have: 
Q) Fat > —) > {F@)} FE FO), 
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2) FFG > wv) > {FO@)} HE FO), 
(3) {Furg&yp))} = {F(vg)), Fy}, 
(4) {FUGA w)} = {F(v@)), Fo), 
(5) {F(u(g"))} = F(v(y)), where gy" = 9&...&y 
(n times), 
(6) {F(v(y)), Fv ¢g))} = ©, 1, 1), 
(7) {Fe > w)} FFUXK > 9) > (x > W))), 
(8) {Fy > wp} HFFU( > x) > Y> x))), 
(9) {Fy > w)} FE Fu(e&x) > (W&X))), 
(10) {Fg> Ww), FU x)} FE FUge > 
x) 
(11) {Fug > (¥ > x))), 
{F(u(g > (g > x)))}. 


Fg > WF 


Corollary 3.12. For a NDF F on L, the following hold: 


(1) x< y= F(x) < F(y), 
(2) Fa > y=F) > FQ) < FQ), 
(3) FaO y= FO)A FY), 
(4) Faay)=FO)AF(Y), 
(5) F(x") = F(x), where 
x (n times), 
(6) F(x) \ F(x) = FO) = (0, 1, D, 
(7) Far y<F(Z>x)> > y)), 
(83) Far y<FY? D> > 2), 
(9) Fa y)<FAHXOz> yO2?), 
(10) F(x > z) < F(x > y)A FQ) > 2), 
Ql) Far nara y)< 
(x > z)). 


x" =xO@x...O 


F(x > 


Proposition 3.13. Let A be a nonempty set and F; be 
a NDF, for eachi € A. Then \\;-, Fi is a NDF. 


Definition 3.14. Let F be a neutrosophic subset of £ 
and G be a NDE G is said to be generated by F, if F < G 
and for any NDF H, F < H implies that G < H. The 
NDF generated by ¥ will be denoted by (F). 


Theorem 3.15. Let F be a neutrosophic subset 
of L£. Then for each formula w and assign- 
ment v we have (F)(v(W)) = V{FOU@1)) A... A 
Fun) | Far (G1 &...&Gn) > py), for some n € 
N, 1, --- Gn € Fim}. 


Proof. We first prove that (7) is a NDF. Obviously, 
(F)(v()) E FC), for each formula w. Now, consid- 
ering the formulas g, w, we observe that if there exist 
n,m &€ Nand formulas ¢), ..., @n, W1, ..-,; Wm Such that 
By (91 &...&0n > @), Fear (Wi&...&Wn > (9 > 
w)), then we get Fp, (9) &...&G,&W1&...&Wy > 
(p&(y — w))). Hence, since by Proposition 2, 


Fat (v&(y > W)) > W), we get 
Fay (Qi &...&gn&W1&...&m > W) 


Thus 
F(U1)) A A FUGn)) A FW) A oA 
Fuwim)) < (FY), 


and then 
(F)(u(y)) A (Fe > W)) 
= (V{F(u(g1)) A.» A F(UGn) | FB 
((p1 &...&Q~n) > y), forsomen EN, 
P1s ++» On © Fm}) 
A(V{F (u(y) A A Fun) | FB 
(W1&...&Wm) > (g > W)), for some m EN, 


Wi, Wm € Fm}) 
= (V{F(u(g1)) A.» A F(u(gn) 
AF (u(y) A. A FUWim))} | 
Fai (g1&...& pn) > 9), 
Far (W1&...&Wn) > (9 > W)), 
for some n,m EN, 9}, ..., Qn, W1, ---» Wn € Fm}) 
< (F)OW)) 


Therefore, (F) is a NDF. 

Now, Since F gr, (gp&g) > ¢g, then by definition 
of (F), it follows that (F)(v(@~)) > F(v(g&g)). 
Also, F(u(v&@)) = {F(u(y)), F(v(y))} = Fv), 
by Corollary 3.11. So, (F)(v(g)) = F(v(@)). There- 
fore, F < (F). Finally, suppose that 7{ is a NDF such 
that F < H and g is a formula. Then, 


(Fug) = \{ FU) A «A FOUGn)) | 
ret (g1&...& Gn) > 9), n EN, 
Q1, -+-5 On € Fm} 
< \/{HW(g1)) A. AH(UGn)) | 
FB (1 &...& gn) > g),n EN, 
Q1, +++) On € Fm} 
< \/{HO@)} = HO), 
Therefore, (7) < H, which completes the proof. 


Example 3.16. Suppose that (£, A, Vv, ©, >, 0, 1) be 
the BL-algebra defined in Example 3.7. Define the 
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neutrosophic subset F of £L by F(O) = (t,t, tH), 
F(a) = F(b) = (th, 2,2), FC) = (tr, 2,2) OK 
< ft? < 1) andthe neutrosophic subset G of L by G(O) = 
G(a) = G(b) = (4, 11, 11), GO) = (4, 4, 11). One can 
easily check that G = (F). 


4. Boolean neutrosophic deductive filters 


In this section we define and study the notion of 
Boolean neutrosophic deductive filter on BL-algebras. 


Definition 4.1. Let F be a NDF on CL. F is called a 
Boolean neutrosophic deductive filter (briefly, BNDF) 
if FU) E F(v@v -¢g)), for all formula g and all 
assignments v. 


Example 4.2. Let £ = {0,a,b,1} be a chain with 
cayley tables as follow: 


— 
0 
a 
b 
1 


ooor!]o 
bE © eel Bo) 
TR Re RIS 
a 


Define A and V on £ as min and max, respec- 
tively. Then (£,A,V,©,—,0,1) is a BL-algebra. 
The neutrosophic subset F of £ defined by F(0) = 
(t1, 2,2), Fla) = F(b) = FC) = (hb, th, t1), where 
0 <t, < ft < 1 are two fixed real numbers in [0,1], 
is a BNDF. 


Proposition 4.3. Let F be a NDF on L. F is a BNDF 
if and only if F(x V 7x) = FC), for all x € L. 


SincegVv W=(9> ~) > WAY 9) > @), 
by Corollary 3.11, we have the following proposition. 


Proposition 4.4. Let F be a NDF on L. Then, F is a 
BNDF if and only if for all formula @ and all assign- 
ments v: 


FUu((e > 7¢) > 79))) = Fu((-¢ > ¢) > #))) 
= F(1). 


Proposition 4.5. Let F be a NDF on L. Then, F is a 
BNDF if and only if for all x € L, 


F(x > 7x) > 7x) = F((-x > x) > x) = Fi). 


Definition 4.6. Let F be a NDF on CL. Then, for each 
t € [0, 1] we define F; = (Tz, I¢,, Fx,), where Tr; = 
{xEL : Tr >th I4,={xeEl : Ip <t}, Fr, = 
{xe Ll: Fr < th. 


Theorem 4.7. Let F bea NDF on L. Then, F isa BNDF 
if and only if for each t € [0,1], O# Tr, O # IF, 
Q # Fr, and all of them be Boolean filters on L. 


Proof. Suppose that F is a BNDF, and # 4 Tr,, 
6+ Ir, and @ + Fr,, for some t € [0, 1]. Then, there 
exist x9 € TF;, x1 € If, and x2 € Fr;. So, for each 
x EL, Tr(x V mx) = Tr(1) = Tr(xo) = t and hence 
xV ax € Tr;. Similarly, x Vv —x € If; and x V 7x € 
Fr,. Thus, Tr,, [¢, and Fr, are Boolean filters on L. 

Conversely, suppose that 6+ Tr,, O#T1F; and 
® + Fr, are Boolean filters on £, for each t € [0, 1]. 
Then, 77-1), 11,-(1) and Fr,(1) are Boolean filters and so 
XV ax € Trey. X V 7x € Tppqyandx V ax € Fre). 
This implies that F(x V =x) = F(1), for all x € £, and 
then F is a BNDF, by Proposition 4.3. 


Corollary 4.8. Let F be a NDF on £. Then F isa BNDF 
if and only if Tr;q), L1-a) and Fr,a) are Boolean 
filters. 


Theorem 4.9. Let F and G be two NDFs on L, which 
F <G, FU) = GC). IfF isa BNDF, thenG isa BNDF 
too. 


Proof. Use Definition 4.1. 


Theorem 4.10. Let F be a NDF on CL, 9, w, x be for- 
mulas and v be an assignment on L. Then the following 
are equivalent: 


(i) {Fug > (“x > w))), 
Fug > x) 
(ii) {Fe > (“x > HIKE FWY > x) 
(iii) Fue > (=x > x) = FUG H) 
(iv) {FOU > @> x7), FOU) E 
Fug > x) 


Fy > YO} FE 


Proof. (i) = (ii) It is enough to let w = x in (i). 

(ii) => (iii) It follows from gr (g > x) > (A=#x > 
(OX). Fan Ox> @ > 2) © > Ox > 
x)) and Theorem 3.10. 

(iii) > (iv) Since F is a NDF, {F(u(y > (9 > 
(-+x> x), FM} FE Fug > (-#x > X))). 
Then the result is obtained by F(g > (—x > x)) = 
F(p— x). 

(iv) => (i) By Corollary 3.11, we have {F(vu(g > 
(“x>))), Foy > x)} = {Fug O 7x) > 
vw), FUy x)} FE FUG OX) > x)) and 
since F(u((g © 7x) > xX)) = Fly > (“x > X))), 
we have {F(u(g > (“x > W)), FW > XI F 
F(v(p > (7x > X))). 
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On the other hand for each BL-provable formula 
y we have F(u(p > (=x > x) = {Fu > (> 
(“=x > x), Fo@))} F Fue > x)) by Gv). Thus 
we get {Flug > (“x > W)), FOoW> XI F 
F(u(g — x)), which proves (i). 


Definition 4.11. Let F be a NDF on L. We say F has 
Implicative Property, if for all formulas ¢, w, x and all 
assignments v, it satisfies: 


{Fue > (“x > W)), FU > x))} 
FE Fue > x) 


Theorem 4.12. A NDF F on L is a BNDF if and only 
if it satisfies the Implicative Property. 


Proof. Suppose that # is a BNDF on L. From Fg, 
XVANF EOF NeKXP E> XACKA 
> ) 2 9% SE > Ree Om CX WD, 1 
follows that 


Fug > (xX > = FUKV 7X) > @ > X))) 
= {F(x V =x) > (@ > X))), FOXY =x))} 
FE F(uy > x) 


which proves that F satisfies the Implicative Property, 
by Theorem 4.10 (i), (ii). 

Conversely, suppose that F satisfies the Implica- 
tive Property. By Theorem 4.10 (iii), replacing g by 
=g —> gand x by g, we have F(u((-¢ > ¢) > ¢)) = 
Fu((-9 > 9) > (-9 > 9) = FU) 

and replacing g by g > —@ and x by —¢, we get 

Fug > =9) > 79) = Fug > -9) > 
(=79 > =) = Fe > 79) > (> =9))) = 
F(l). Then F(v(yv 7¢)) = {Fuge > =) > 
=9)), Fu((Ag > ¢) > ¢))} = FC). Thus F is a 
BNDF on £. 


Theorem 4.13. Let F be a NDF on L, 9, w, x be for- 
mulas and v be an assignment on L. Then the following 
are equivalent: 


(i) F isa BNDF, 
(i) F(u(g)) = Fug > 9)), 
Gli) Fue > W) > g) FF), 
(iv) Fug > W) > 9)) = FO), 
(v) {Fx (> W)> 9))), FCO) FF (u)). 


Proof. (i) > (ii) Since Far, gy > (=~ => 9), then by 
Corollary 3.11 we have F(vu(g)) FE F(u(-g => ¢)). 
The other direction follows from Theorem 4.12, replac- 
ing g by a BL-provable formulas and w, x by ¢ in 
Definition 4.11. 


(ii) => (ii) From Fg, -g > (g > Ww), we get 
Fee (gy > ¥) > 9) > (-¢ > ¢). Thus, F(u((g > 
W) > 9) E Fue > ¢)) = F(v(g)). 

(iii) = (iv) It is enough to prove that F(v(g)) —& 
F(v((g > w) > ¢)) and this follows from Fg, g > 
(g—> W) > 9). 

(iv) => (vy) Since F is a NDE then 
{Fux > (e > WY) > 9)), FCO) F Fe > 
v) > 9)) = F(v(g)). 

(v) => (i) Let F be a NDF In order to verify that F 
is a BNDF, by Theorems 4.10 and 4.12, it is enough 
to prove that F(u(y > (4x > x))) F Fy > x)), 
for all formulas ¢g, x and all assignments v. Since, 
reat xX > (gp > x) we have Fez (~(y > X)) > 7x 
and then Fer (7x > (> xX) > Ce? X> 
(g —> x)). From (v), replacing g by g > x, x by a 
BL-provable formula 0 and y by a contradiction (In this 
case the formulag — wis equivalent to-(g — x)), we 
get Flug > (4x> X)))=FOUTX> GF XY) EF 
Flu(-“(e > x) > > H)N={F (VE > (“(Y > X) 
> (g> x)))), FU@))} FE Fuge > x). 

Therefore, F isa BNDF on CL. 


5. Implicative neutrosophic deductive filters 


In this section we define and study the notion of 
implicative deductive filter on BL-algebras. Also, we 
investigate some relations between BNDFs and INDFs. 


Definition 5.1. A neutrosophic subset F of L is called 
an implicative neutrosophic deductive filter (briefly, 
INDF) if for all formulas ¢, w, x and all asignments v 


{Fug > (Ww > x))), 
Flug > W))} F FU > x)). 
AS an immediate result we have: 
Theorem 5.2. Every INDF is a NDF. 


Proof. Let F be an INDF on CL. Then for each 
BL-provable formula 0, we have {F(v(@ > (f¥ > 
x), FUE > wy} EF Fue > x)), so {F(v(0) > 
uy > x), Fv) > vy))} F FW@) > vy), 
then {F(1 > vw > x))), FU > vy))} & FU > 
v(x)), which implies that 


{Foy > x), FOM@)} & Fo) 
Thus F is a NDF on £. 


Proposition 5.3. A neutrosophic subset F of L£ is a 
INDF if and only if for all x, y,z € £L 
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F(x > 2eF(x> Ve Dara y). 


Proof. It can be easily verified by Definition 5.1. 


Theorem 5.4. Let ¥ be a NDF on CL, then the following 
statements are equivalent: 


(i) F is an INDF, 

(i) Fug > @> W))) FFU )), 

Gui) Fly > w))=FOUe> Y@> »)), 

av) Fug > > YF FUG > > 
(p> x))), 

(vy) Fug > (¥> N= FUG > W> E> 
x), 

(vi) FUG OW) > xy) = FUGA W) > x). 


Proof. (i) => (11) It is enough to put yw = g and x = y, 
in the definition. 

(ii) => (aii) It follows from Fg, (9g > Ww) > (gy > 
(g—> )). 

(iii) => (i) Using Corollary 3.11, we have 
{Flug > (Ww > x), Fe > W)} F {Fg > 
(g—> x))} =F > x) 

(i) = (iv) Suppose that F is an INDF on CL. 
Then, {F((g> (Ww x), Fuge (WY 
VY (e> YW > DMIF {Fog > (¢ > 
W) > OY) = {Fue > —Y) > (Y > x))}. Since 
rer (vy> x)> (> W> @> x), then 
{Fg > (w> x), FOIE {Foe > ~)> 
(gy — x)))}. Therefore, F(v(y—> (W> x) FE 
{Fug > ¥~) > > x)))}. 

(iv) => (v) It is easy. 

(v) = (vi) We have Fiv(geekw— x)= 
Fig > (¥ > y= FUG? W> @> 
VW) = FUME > W&g) > xX) = FU((e&(g > 
v)) > y= FUGAYW— X)). 

(vi) = G) By Corollary 3.11, we have F(u(g > 
x) = FUG A g) > xX) = Fu((v&g) > x) = 
Five > (¢—> x))), also by Corollary 3.11 
{Fg > )), Foe (v> x)))} = {Fe > 
wy), Foy e> OE FUG > Y> x)), 
therefore {F(ug—> p)), FUeG> vo YF 
F(v(g > (g > x))). Hence, F is an INDF on L. 


Theorem 5.5. A NDF F¥ on L is an INDF if and only if 
foreacht € [0,1], O04 Tr, @ # Ir, 0 # Fr, and all 
of them are implicative filters on L. 


Proof. Suppose that F is an INDF, 4 4 Tr,, 0 # IF; 
and @ + Fr;, for some t¢ € [0, 1]. Let x9 € Tr;, x1 € 
If, and x2 € Fr,. Then, Tr(x9) > t, I¢(x1) < t and 
Fr(x1) St. 


Since F is an INDF, T¢(1) > Tr(xo) = t, IFC) < 
If(x1) <tand Fr(1) < Fr(x2) <t, ie. 1 € Tr,,1¢€ 
If, and 1 € Fr;. Now, suppose that x > y, x > 
(y > z) © TFy,x% > y, x > (vy > Zz) € Ip, andx > 
y, X > (y > Zz) € FF, for some x, y, z € £. Then, 


F(x>2>Fx> yAFaroiyoz)=t 


Thus x > zE€ Tr, x > z€ Ile, and x > z€ FF;. 
This implies that T,, 7¢, and FF, are implicative filters 
on L£. 

Conversely, suppose that for each ¢ é [0, 1], 
O#Tr,, OIF, and OA Fr; are implicative 
filters on £L. Obviously, 6 4 Trex), O # Lip(x) and 
OH Fr,(x), for any x € L. Then, Tr,(x)s Lte(x) and 
Fr,(x) are implicative filters on £ and so | € Tr,,x), 
1 € Iy,(x) and 1 € Fr,,x), i.e. FC) = F(x). Let to = 
Tr(x > y)ATFAX> (> 2), t= IFa> y)v 
I-(x > (> z)) and t= Fr(x > y)V Feaxao> 
(y > z)), for some x, y,z € £. Then, x > y, x > 
(y¥> 2€TFy, X > yY, X>(y>2z) elf, and 
x>y, X>(¥> 2) € Fr, and sox>zETFp, 
x— z€ If; andx — z € FF,,. Hence, 


Tr(x > z) = to 

= Tr(x > (y > 2) ATF = Y), 
Ipx> zn 

= If > (y¥> 2) VIFQ@ > y), 
FF(x > 2) St 


= Fr(x > (y > 2) Vv FF y). 
Thus, F is an INDF on CL. 
Theorem 5.6. Every BNDF is an INDF. 


Proof. Let F be a BNDF on CL. From Fg, 
(eV -9) >= Y> xy)De KY Y> XACE 

>(9> ye @> Y x)) it follows that 
{Flug > (gv > x))} = {FU V -9) > > 
~))} = {FUG V 79) > ( > x), FU V 79))} 
E F(v(g > x)). Therefore, F is an INDF on CL, by 
Theorem 5.4 (ii). 


Example 5.7. Let £ = {0,a,b,1} be a chain with 
cayley tables as follows: 


©| 0 abil >| 0abi 
0 000 0 0 1111 
a Oaaa a 014141 
b 0 ab b b O0Oalil 
1 O0Oabiil 1 O0abiil 
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Define A and Vv on £ as min and max, respectively. 
Then (£, A, V, ©, >, 0, 1) is a BL-algebra. The neu- 
trosophic subset F of £ defined by F(0) = F(a) = 
F(b) = (th, ta, 2), FC) = (t,t, 1), where 0 < ty < 
to < | are two fixed real numbers in [0,1], is an INDF, 
but it is not a BNDF. 


Theorem 5.8. Let F be an INDF on L. F is a BNDF 
if and only if for all formulas , and all assignments 
v: 


Fle > ~) > W) = FU > 9) > 9)) B.D 


Proof. Suppose that F is a BNDF. From Fg, g > 
(vw —>9)—> 9), it follows that Fg, (-(w-> 
~) > ~)) > -@ and since by Proposi- 
tion 2, Kar -y—>(y—>w)), then we _ have 
Fey (“vy > 9) > 9) > (> W), sor BL (gy > 
Wr Ww) > Av > 9) > 9) > Ww). In addition, 
since Fan W > (VV py) and Fa, GV W) > (CY > 
~) > ~) we have Fg, Ww > (WwW > ¢) > g). Thus 
Fer (vr gr 9) > Wr OY > 9) > @) 
—> (Ww —-> ¢)— ¢)). Therefore, Fer (g > W) > 
Wrod-9-—9-(W>y)->)) and 
hence F(ul(g> W) > PIF FU > 9) > 
~) > (vw > ¢) > ¢))), by Corollary 3.11. 

Since by Theorem 4.13 (ii), F(vu((W > ¢) > ¢)) 
=Fl("(y > 9) > 9) > (WY > 9) > ¢))), then 
Fue > > WINE FU > ¢) > ¢)). Simi- 
larly, we can prove that F(u(w—- ¢)> @)F- 
Flug > v) > p)). Then, F(u((g > W) > )) = 
F(u(y > 9) > ¢)). 

Conversely, Let F be an INDF on £ and (5.1) holds. 
Then, in order to prove that F is a BNDF, it is enough 
to show that F(v((g > -9~) > -9)) = FC), by 
Proposition 2. Since by Proposition 4.4, Fg, ((@ > 
9) > -9) > (> 77g) and Fe. ge> 77¢g, 
then it follows that Fi(v(g@—- -9¢) > -¢)) = 
F(vu(g > --7¢)) = FC), which completes _ the 
proof. 


Theorem 5.9. Let F be an INDF on L. F is a BNDF if 
and only if F(u(-77@)) = F(u(@)), for each formula p 
and each assignment v. 


Proof. Assume that F(v(-7¢@)) = F(v(g)). Then, 
F(u(-¢ > -7¢)) = F(u--7¢)), by Theorem 5.4 
(iii). Also we have F(v(-~ > ¢)) FE F(u(-¢ > 
—-¢)). Hence F(u(-g > ¢)) FE F(u(g)). Obviously, 
F(v(g)) E F(u(-g — ¢)). Thus F is a BNDF on ZL, 
, by Theorem 4.13. The converse is obtained by using 
Theorem 5.8. 


Corollary 5.10. Let £ be a MV-Algebra and F be 
a NDF on £. Then, the following statements are 
equivalent: 


(i) F isa BNDF on £, 
(ii) F is an INDF, 
(ii) Fug > x) = Fue > Y > x))), 
(iv) Fuge > x) = Fue > (x > x))), 
(v) Fue > v) > ¢)) = F(v(9)), 
(vi) Fug > x)= FUG > > 
(p> x))), 
(vii) FUU(G © HW) > x) = F(A) > x). 


6. Quotient structures 


In this section we define the quotient structure for 
neutrosophic deductive filters and study some of its 
properties. 

Let F be a NDF on € and xe€C. The neu- 
trosophic set F* : £ — [0,1]° which is defined by 
F*(y) = (Trx(y), I¢x(y), Ferx(y)), for any y € L, 
where Tx(y) = Te(x > y) A Try > x), Ier(y) = 
I¢(x > y)V I¢(y > x) and Fex(y) = Fr(x > y)V 
Fr(y —> x), is called the neutrosophic coset (briefly, 
NC) of F. Denote the set of all NCs of F by £/F. 


Now, we have the following lemma. 


Lemma 6.1. Let F be a NDF on L. Then, F* = F? if 
and only if F(x > y)= FQ > x) = FC). 


Proof. Assume that F#* = F’, for some x, ye CL. 
Then (Trx(x), [px(x), Frr(x)) = F*(x) = F(x) = 
(Try(x), I¢y(x), Fry(x)), 80, Tex(x) = Try(x), Lex (x) 
= TI[py(x) and Frx(x) = Fry(x). Hence, Tr(1) = 
Trx> xn=Try>xXATFa> y), IrQ= 
IF(x > x) =IFQ > x) V I-(x > y) and Fr) = 
Fr(x > x) = Fr(y > x) V Fe(x > y) which 
implies that Try > x) =Trax-> y)= 
Tr), [p(y x) = Ie > y)= Te) and 
Fr(y > x) = Fr(x > y) = Fe). Then, 
Fa > y) = (Ir(« > y), [pe > y), Fre > 

y)) = (Tr(1), IFC), FC) = FU) and - similarly, 
Fly > x) = F(1). 

Conversely, assume that F(x > y)=F(y> 
x) = F(1). Then, Tr(x > y) = Tr(y > x) = Tr), 
IF(x > y=I-Q0>x)=I-C0) and Fran 
y) = Fr(y > x) = Fr(1). Thus, by Corollary 3.12, 
for each x,y,z €L, we obtains that F(z > x) > 
F(z> yA FQ > x) = F(z > y) and F(x > 2z) 
> F(x > y)A F(y > 2) = Fly > 2), hence F*(z) 
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=FZ>NAFAX>S>D>FES VAFOS> 
z)= F(z). Similarly, F(z) > F*(z), therefore, 
F* =F. 


Suppose that F be a NDF on CL. Let Fray = {x € 
L: F(x) = F(1)}, then it is easy to verify that F-(1) = 
Tray Lig) O Fra). Hence FF) is a filter on L£. 


Corollary 6.2. Let F be a NDF on L. Then, F* = F* 
if and only if x ~Fz.) y, where 


X~Fray VP XPYE FF), Y> x € Fray). 


Let F be a NDF on £. For any F*, F” € L/F, 
define F* AF¥ =F’, FP? VF%* =F’, FPO 
F) = F*9), and F* > FY = FY, 


Now, we get the following lemma. 


Lemma 6.3. Let F be a NDF on L, FX = F* 
and F* =F”, for some x, y,z,w€L. Then, F* v 
FPP=F VF*®’, FRAP =F AF”, FOP = 
Fe OF”, and F* > F* = F® > F". 


Proof. Assume that F* = F* and F” =F”, for 
some x, y, z, w € £. By Corollary 6.2, x SEs S and 
Y ~Fpay w. Since, by Theorem 2, ~F,,,) 1s a con- 
gruence on £, then x Ay ~Zzq) ZA W, XV Y~Feqy 
ZVW, XOY~Fpq) ZO wandx > y~Feyy Z> W. 
This implies that F* A FY =F’) = FY = Fr 
F™ and similarly, F* VFX = Fe VF”, FOF? = 
F* OF" and F*¥ > P= F* > F”. 

We note that the lattice order < on £L/F is defined 
by F* < F? if and only if F* v F? =F”. 


Lemma 6.4. Let F be a NDF on L. Then, F* < F° if 
and only if F(x > y) = F(A). 


Proof. Let x, y € £. Then, 
FSP OP Va VP =P eS 
Trey = Try, Ipey = Igy, Fpey = Fry 
&@ Tr) =Tr > @V y) =TrRaAVYy), 
IF) = I-F(y > VY y)) = IFXV Y > 9), 
Fr(1) = Fry > V y)) = FFXV y > y) 

<> Tr(x > y) = Tr), [p(x > y) = Ir ()), 
F(x > y) = Fr(1) 

<> F(x > y) 

= (Tr(x > y), I-(x > y), Fr > y)) 

= (Tr(1), [7 (), Fr()) = FO). 


Theorem 6.5. Let F be a NDF on CL. Then 
(L/F,A,V, ©, —,F!, F°) is a BL-algebra. 


Proof. By Lemma 6.3, the operations A, V, © and 
— on L/F are well-defined. We only need to prove 
L/F satisfies the axioms of BL-algebras. The axioms 
(BL1), (BL2), (BL4) and (BLS) can be easily proved. 
Let F*, F’, F* € £L/F, then by Corollary 6.4 


FOP EF ar a F 5 
32 F(xOy) > 7) =F) 
F(x > (y > 2) =F) 
> FY < f~* 
cae mere ae oe a 


7. Isomorphism theorems 


In this section we prove three isomorphism theorems 
concerning quotients of neutrosophic deductive filters. 

We note that, since F¥(1) is a filter on £, then by 
Theorem 2.10, £/F ¥(1) is a BL-algebra. 


Theorem 7.1. Let F be a NDF on L. Then L/F ~ 
L/FFa): 


Proof. Define a map ®: £/F —> L/FF ay by 
O(F*) = [x] z,,,. We prove that ® is an iso- 
morphism. Suppose that F*,F” eL/F. Then 
F* =F” if and only if x~,,,, y if and only if 
Lx] Fe) = Lyle-q), which implies that ® is an one- 
to-one function. Obviously, ® is surjective. Now, 
O(F* © F°) = O(F*°”) = [x © WyFray = Fe. A 
[ylFrq) = P(F*) @ O(F”). Similarly, it can be 
obtained that ®O(F* > F’)= O(F*) — O(F”). 
Thus, ® is an isomorphism and hence £L/F ~ £L/F (1). 


Corollary 7.2. Let f : £ —> L' be a homomorphism 
of BL-algebras and F be a NDF on £ which kerf = 
Fry. Then, £L/F ~ f(£). 


Definition 7.3. Let £; and £2 be BL-algebras and f be 
a map from £; into £2. Also let F be a neutrosophic 
subset of £,. The neutrosophic subset f(F) of Lo is 
defined by 


S(F la) 


a eee Talla), Feb). f7Ma) #9 


~ | 0,1, 0, otherwise 
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for any /2 € £2, where 


Traya) = ViTFQ) he £1, fi) = by}, 
Tpey2) = Ae) he £1, fi) = by}, 
Frp(lz) = MFeh) she £1, fi) = 1}. 


Let £; and L2 be BL-algebras and F, and Fo 
be neutrosophic sets of £; and Lo, respectively. A 
homomorphism f of £; onto £2 is called weak homo- 
morphism of F, into Fo, if f(F1) < Fo. In this case, 
we say that F; is weakly homomorphic to F2 and we 
write F; ~/ F> or simply F, ~ Fy. If f is bijective, 
we say that F is weakly isomorphic to F and we write 
F, ~f Fy or simply F, ~ Fz. A homomorphism f of 
£, onto £3 is called a homomorphism of F, into Fo, if 
(Fi) = F2. In this case, we say that F; is homomor- 
phic to F> and we write F, wl Fy or simply F, © Fp. 
If f is bijective, we say that Fj; is isomorphic to F2 and 
we write F, &/ Fp or simply F, = F2(See [8]). 


Fora neutrosophic subset F of L, define Fr={xe 
L, Tr(x) > 0, I¢(x) < 1, Fr(x) < I}. 


Lemma 7.4. Let F be aNDF on £, Tr(1) > 0, I¢(1) < 
land Fr(\) < 1. Then F* is a filter on L. 


Proof. The proof is easy. 


Recall that #, < Fz means that T7,(x) < Tz,(x), 
Ip,(x) = Ip,(x) and Fr(x)> Fr,(x), for any 
xeLl. Now, if FA, <5 and xe F,*, then 
0< TF, (x) < Tr, (x), I> Iz, (x) = IF, (x) and 
1 > Fr,(x) => Fp,(x) and so x € Fy*, which implies 
that Fy C F5. Hence Ff is a filter on Fy and F3/F; 
is a BL-algebra, by Lemma 2.11. 


Theorem 7.5. Let F,; and F2 be two NDFs on L, 
Fi < F2 and Fz has Sup-Inf property. Define &: 
F2* /F\* + [0, 1] by 


(xl ee) = (Tell), Ig(ltlee), Fede) 


where Tz([x] 7+) = ViTp,(y)| y € [el re}, le(e re) = 
A{Ip,(y)| y € LX]¢s} and Fe(Ix] es) = ALFx, QO) y € 
[x] r+}, for all [x]r* € Fo*/F\*. Then & is a neutro- 
sophic set. 


Proof. Since, #2 has Sup-Inf property, there exist 
yo. Yi, y2 € [x]¢* such that Ts([x]¢*) = Tr, (yo), 
Te(Lx] r+) = IF,(y1) and Fe([x]¢*) = F,(y2). Obvi- 
ously, §([x] ¢*) = (TF, (yo), IF) (11), FF) (y2)) is a neu- 
trosophic set, which completes the proof. We call the 


neutrosophic set € defined in Theorem 7.5, the quotient 
neutrosophic set on F2 relative to F; and denote it by 
F2/F\. 


Theorem 7.6. Let F, and F2 be two NDFs on L, Fi < 
F2 and F has Sup-Inf property. Then 


Fo |rs® F2/Fi. 


Proof. Let f : F; —> F3/F; be the natural epimor- 
phism and [x]¢» € F¥/Fj. Then f(Fo x: \(lxlzs) 
=(V{Tr,@)lz € Fz, f@O=Ll e+}, AA Mz € Fy, 
f@) = Ele}, MFrA@|2 € FZ, f@ = ble p= 
(Tr, O)ly € eles}, UA OLY € bled, MFA Oly 
€ Xles}) = (F2/F ile). Therefore, = F2 | Fy 
~ Fr/Fi. 


Theorem 7.7. Let F, and Fy be two NDFs on BL- 
algebras £L, and £2, respectively, F, ~ Fz and F, has 
Sup-Inf property. Then there exists a NDF F3 such that 
F3 < Fy and F,/F3 = Fa Fx. 


Proof. Since F, ~ F2, there is an homomorphism f 
from £; onto £2 such that f(F,) = Fo. Define the 
neutrosophic set F3 as follows: 


(T(x), I¢,(x), Fr, (x)), x € ker(f) 
F3Qx)=4 - — = : 
(0, 1, 1), otherwise 


for any x € £1. It is easy to show that F3 is a NDF on 
£1. Since Fy © Fp, then f(F}) = Fz. Let g = f les, 
then g is a homomorphism from F/ onto F3 and 
ker(g) = F3. Thus, by the first isomorphism theorem, 
there exists an isomorphism h : F\*/F3* —> Fy such 
that A([x] Fs) = g(x) = f(x), for any x € F,*. Now, 

A Fi /F3)(2) = (VATA jr; (ele) | x € Fi*, 
h(xles) = 2}. Maley | 2 € Fi* hcg) = 
z}, MFF/F (zs) |x € Fi®, h(a es) = e=(Viv 
{TF (y) : ye lle} lx € Fi*, 8) = 2}, AAA, O) : 
y € [x]gs} | x € Fy*, g(x) = 2}, AMAL FAY) sy € 
[x]ex} |x € Fi*, gx) = 2) = (VITA Oy € Fu’, 
g(y) = 2}, AUF, Oly € Fi®, gy =2}, MFA )Ly € 
Fi*, gy) = 2) = MTA) Iy € £1, f(y) = 2,4 
UAO)ly € £1, f) = 2h, MFA Oy € £1, £0) = 
z}) = Fo(z) for any z¢Fy*. Therefore Fi /F3 
= Fp | Fx. 


Lemma 7.8. Let F; and Fy be two NDFs on L such 
that F\ < F2. Then Fx/F i = (F2/F)*. 


Proof. The proof is easy. 
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Lemma 7.9. Let Fi, F2 and F3 be NDFs on EL, 
Fy, < Fo < F3and Fr, F3 have Sup-Inf property. Then 
(F2/F\) and (F3/F\) are neurosophic subsets of £L 
such that (F2/F\) < (F3/F\). 


Proof. Use Theorem 7.5. 


Theorem 7.10. Let 1, F2 and F3 be NDFs on L, Fy < 
F2 < F3 and F2, F3 have Sup-Inf property, such that 
F3/F\, F2/F\ are NDFs. Then 


(F3/Fi)/(F2/F) © F3/Fa. 


Proof. It can be proved by using Theorem 2 and 
Lemmas 7.8, 7.9. 
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